Abstract. Thermodynamic data for the substitution of silicon and manganese in cementite have been estimated using first-principles methods in order to aid the design of steels where it is necessary to control the precipitation of this phase. The need for the calculations arises from the fact that for silicon the data cannot be measured experimentally; manganese is included in the analysis to allow a comparison with its known behaviour. The calculations for Fe 3 C, (Fe 11 Si 4c )C 4 , (Fe 11 Si 8d )C 4 , (Fe 11 Mn 4c )C 4 and (Fe 11 Mn 8d )C 4 are based on the total energy all-electron full-potential linearized augmented plane-wave method within the generalized gradient approximation to density functional theory. The output includes the ground state lattice constants, atomic positions and bulk moduli. It is found that (Fe 11 Si 4c )C 4 and (Fe 11 Si 8d )C 4 have about 52 and 37 kJ greater formation energy when compared with a mole of unit cells of pure cementite, whereas the corresponding energy for (Fe 11 Mn 4c )C 4 and (Fe 11 Mn 8d )C 4 is less by about 5 kJ mol −1 . These results for manganese match closely with published trends and data; a similar comparison is not possible for silicon but we correctly predict that the solubility in cementite should be minimal.
Introduction
There is considerable excitement in the possibility of exploiting steel microstructures consisting of cementite-free bainitic ferrite embedded in austenite, because preliminary results show the potential for outstanding combinations of strength and toughness [1−13] . The bainitic ferrite has a body-centred cubic crystal structure (bcc) and that of austenite is face-centred cubic (fcc). The austentite phase is not usually stable at ambient temperature, but is made so by preventing cementite (Fe 3 C) precipitation using silicon as an alloying element, to some extent manganese which works in a different way, by increasing the thermodynamic stability of austenite relative to that of ferrite.
The specific role of silicon in retarding cementite precipitation has been known for a in spite of the lack of thermodynamic data [14−26] . The question arises as to why it is necessary to deal with the thermodynamics of silicon in cementite given that its equilibrium solubility when in contact with ferrite or cementite is negligible. It turns out that when cementite forms at low temperatures, it is forced to inherit the solute content of the parent phase; thus, it traps silicon and hence its stability changes dramatically. Without thermodynamic data is it impossible to estimate the consequences of this process [27] [28] [29] . It is, hence, necessary to adapt a first-principles calculation method for obtaining thermodynamic data.
The purpose of this work was to derive the thermodynamic data for Mn and Si in cementite using first-principles calculations, in particular, by using the total-energy all-electron full-potential linearized augmented plane-wave (FLAPW) method [30, 31] implemented in the QMD-FLAPW package.
Previous work
The crystal structure of cementite is orthorhombic with the space group Pnma and its experimental lattice constants are known as a = 5.0896 Å, b = 6.7443 Å and c = 4.5248 Å. In this unit cell there are four Fe atoms taking Fe(4c) positions, which are not equivalent to the Fe(8d) positions of the remaining eight Fe atoms, and four C atoms located at C(4c) positions [32, 33] .
A first-principles study on pure cementite using the linear muffin-tin orbital method has shown the calculated cohesive energy per atom was found to be 8.37 eV [34] . The calculated bulk modulus was found to be 235 GPa [35] and equilibrium lattice parameters, lattice positions, bulk modulus and formation energy of cementite has also been similarly estimated [36] . The substitution of silicon and chromium into cementite has previously been investigated; the 8d iron positions were found to be the favored sites for chromium according to the self-consistent full-potential technique [37] ; the 8d iron positions were found to be the favored sites for the location of silicon [36] .
Computational model and methods
The substituted Fe 3 C system was simulated by an orthorhombic unit cell with the composition (Fe 11 Si)C 4 , (Fe 11 Mn)C 4 where it is reasonable to assume that silicon and manganese substitute into the iron sites given that their because the atomic radii are similar to that of iron, and much larger than that of carbon [38] . The specific locations at the Fe(4c) and Fe(8d) sites are identified using superscripts: ( The Kohn-Sham equation was solved self-consistently in terms of the total energy all-electron full-potential linearized augmented plane-wave method [30, 31] by using the generalized gradient approximation [39] for the exchange-correlation potential. The integrations over the three dimensional Brillouin zone were performed by the tetrahedron method over a 9×9×9 Monkhorst-Pack mesh, which corresponds to 125, 205 and 365 k-points inside the irreducible wedge of the Brillouin zone for Fe 3 C, (Fe 11 M 4c )C 4 and (Fe 11 M 8d )C 4 , respectively, where M stands for Si or Mn. The precision required was obtained by considering a plane-wave cutoff up to 21 Ry, which corresponds to about 1700 linearized augmented plane-waves per each k-point and spin. The wave functions, the charge densities, and the potential were expanded with l ≤ 8 lattice harmonics inside each muffin-tin sphere with the radii of 2.04 a.u. for the Fe, Si, Mn atoms and 1.30 a.u. for the C atoms, respectively. The density and potential in the interstitial region were depicted by using a star-function cutoff at 340 Ry. Core electrons were treated fully relativistically, while valence states were calculated scalar relativistically, without considering spin-orbit coupling [40] . Self-consistency was assumed when the root-mean-square distances between the input and output total charges and spin densities were less than 1.0x10 −5 electrons/a.u. 3 All the lattice parameters and the internal atomic positions were relaxed. 11 Mn 8d )C 4 in their ferromagnetic states. Both silicon and manganese substitution decrease the unit cell volume of pure cementite. Silicon has a larger effect when substituted in the 4c positions but effect of the two solutes on volume cannot be distinguished when the substitution is in the 8c positions.
Results and Discussion
The calculated bulk modulus of ferromagnetic cementite is 226.84 GPa agrees reasonably with a previous estimate of 235.13 GPa [35] where different precision criteria were used. The substitution of Si into the 4c and 8d sites increases the bulk moduli about 2.2% and 2.6%, respectively [36] . In
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contrast, the Mn at the 4c and 8d positions increases the bulk moduli by 4.5% and 3.3% respectively. The formation energies were calculated as differences between the total energy of each phase and the sum of the energies of the stable state of elements forming this phase. The formation energy (∆U) of each system is defined, with the integers l, m and n, at zero Kelvin, as follows,
where Table 2 : Equilibrium unit cell volume, formation energy, and bulk moduli in ferromagnetic cases, which are calculated using the third order polynomial fitting with V 0 =155.31 Å 3 , the experimental volume of Fe 3 C. The energy is stated in units of kJ mol −1 of each formula unit, Fe 3 C has also the formation energy which is multiplied by four in parentheses to compare with (Fe 11 M 4c )C 4 and (Fe 11 M 8d )C 4 . The reference states are ferromagnetic bcc Fe, graphite C, diamond Si and fcc Mn. Table 3 contains the calculated results of equilibrium unit cell volume, formation energy per formula unit and the bulk moduli of the hypothetical Fe 3 C, Si 3 C and Mn 3 C cementite. The calculated formation energies are 21.5, 256.4 and 52.7 kJ mol −1 for its calculated equilibrium lattice constants using the same optimization procedure with Fe 3 C. The calculated formation energy of the Si 3 C and Mn 3 C over Fe 3 C agree reasonably with 250 kJ mol −1 and 40 kJ mol −1 usually assumed in thermodynamic calculations [41] . The formation energy of Si 3 C is one order larger than that of Fe 3 C. The results of VASP also are contained in the Table 3 -there is a discrepancy with the FLAPW results for the manganese carbide. We attribute this difficulty to the fact that the former method does not treat the core-valence interactions properly. 329.34 Table 3 : Equilibrium unit cell volume, formation energies, and bulk moduli which are calculated using the third order polynomial fitting with V 0 =155.31 Å 3 , the experimental volume of Fe 3 C. The energy is stated in units of kJ mol −1 of each formula unit. Only Fe 3 C is ferromagnetic state but the others are nonmagnetic cases. The formation energies from VASP are from Miyamoto's paper [41] . The referenced states are ferromagnetic bcc Fe, graphite C, diamond Si and fcc Mn. Fig . 2 shows the equilibrium ternary phase diagram at 773 K using MTDATA with TCFE database and FLAPW calculation results. A free energy of cementite phase has been modified as substitutional solid solution (Fe,Si) 3 C and (Fe,Mn) 3 C using the same effect of temperature dependency with Fe 3 C. The excess energy term has been modified using a regular solution model and using the FLAPW results of (Fe 11 M)C 4 without temperature dependency. 
Figure 2: Equilibrium ternary phase diagrams of Fe-Si-C and Fe-Mn-C system at 773 K using FLAPW calculation results.
Summary
The formation energies of cementite in which silicon and manganese have been have been calculated using an ab initio method which considers not only the valence but also the core electrons. Consistent with previous work, the substitution of silicon into cementite is not favoured, but as expected from experiments, that of manganese is favoured.
